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The dynamic behavior of sandwich beams with a viscoelastic soft core is analytically studied. The analysis

combines the concepts of viscoelasticity with those of the high-order sandwich beam theory and accounts for the

shear and transverse (through the thickness) deformability and the viscoelastic effects through the constitutive laws

of the corematerial. Thebeammodel assumes no variation through thewidth. The viscoelastic response is introduced

through the Kelvin–Voigt and Maxwell models, which characterize different materials and provide some of the

fundamental building blocks for more refined viscoelastic theories. The governing equations that correspond to the

twomodels and the solution procedures that combine time integration throughNewmark’smethodwith a numerical

solution in space are derived. The formulation of a refined viscoelastic model based on the building blocks developed

in the paper is analytically demonstrated. The capabilities of themodel are studied numerically with emphasis on the

time variation of the deflections and the interfacial shear and vertical normal stresses under step, impulse, and

harmonic loads. A comparison between the theoretical results and experimental results available in the literature is

also presented. The analytical models and the numerical study highlight some unique aspects of the dynamic

response of sandwich beams with viscoelastic soft cores and provide fundamental analytical tools for their modeling.

Nomenclature

Atxx, A
b
xx = extensional rigidity of upper and lower sheets

a�1 , a
�
1 = viscous constants of the Kelvin–Voigt model

Btxx, B
b
xx = extensional-bending rigidity of upper and lower

sheets
b = width of the beam
b�1 , b

�
1 = viscous constants of Maxwell’s model

C� , Cw = unknown functions results from integration

Dt
xx, D

b
xx = flexural rigidity of upper and lower sheets

Ec = transverse modulus of elasticity of the core
Gc = shear modulus of the core
g�x; t� = typical unknown function
ht, hb, hc = thicknesses of the upper sheet, lower sheet, and

core layer
It, Ib = second moment of area of upper and lower sheets
L = length of the beam
�Mjt, �Mjb = concentrated bending moments at the upper and

lower sheets
Mt
xx,M

b
xx = bending moment stress resultant in the upper and

lower sheets
mt, mb, mc = mass per unit length of upper sheet, lower sheet,

and core layer
mxt, mxb = distributed bending moments at the upper and

lower sheets

�Njt, �Njb = concentrated axial loads at the upper and lower
sheets

Ntxx, N
b
xx = in-plane stress resultant in the upper and lower

sheets
nxt, nxb = distributed axial loads at the upper and lower

sheets
�Pjt, �Pjb = concentrated vertical loads at the upper and lower

sheets
qzt, qzb = distributed vertical loads at the upper and lower

sheets
snm = initial conditions at each region used in the

multiple shooting method
uot, uob = longitudinal deformation at the reference line of

upper and lower sheets
ut, ub, uc = longitudinal deformation of upper sheet, lower

sheet, and core layer
Vt, Vb, Vc = volume of upper sheet, lower sheet, and core

layer
wt, wb, wc = transverse deflection of upper sheet, lower sheet,

and core layer
zc = local coordinate from the upper core-face

interface downward
zt, zb = local coordinates from the midheight of the face

sheets downward
�, � = parameters for Newmark’s time integration

�cxz = shear angle in the core

�t = time step interval
�D = Dirac function

�K = virtual work of the inertial forces
�0U = virtual work of the internal stresses
�W = virtual work of the external loads
"czz = transverse normal strain in the core

"txx, "
b
xx = longitudinal strains in the upper and lower face

sheets
�� , �� = material loss factor in shear and the transverse

direction
�, � = indicators for the boundary conditions
	t, 	b, 	c = mass density of the upper sheet, lower sheet, and

core layer
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�txx, �
b
xx = longitudinal stresses in the upper and lower face

sheets
�czz = transverse normal stresses in the core

�cxz = shear stress in the core

I. Introduction

T HE use of sandwich beams made of thin and stiff face sheets
connected by a thick and compliant (soft) core is widely used in

aerospace constructions as well as in many other structural applica-
tions. The vibration of these structures is one of their basic design
aspects, where the minimization of the vibration amplitudes is
commonly required to mitigate fatigue failures. The dynamic beha-
vior of the sandwich structure is commonly enhanced through the use
of thick, shear deformable and transversely (through the thickness)
compressible, viscoelastic core materials along with stiff and thin
sheets. In this configuration, the overall flexural rigidity of the beam
remains high enough to resist the imposed loads, while the visco-
elastic layer provides the structurewith damping characteristics and a
“passive damping treatment” [1–5]. During vibrations, the visco-
elastic core deforms in transverse shear and in the transverse (through
the thickness) direction through interaction with the adjacent stiff
face sheets, and the resulting energy stored in the viscoelastic core is
partially dissipated to the surrounding medium. This behavior
contributes to the multifunctionality of the sandwich structural
system that combines load resistance with effective damping and
energy dissipation.

The viscoelastic features are effective and attractive for enhancing
the damping characteristics of sandwich beams. To take advantage
of that, a thorough understanding of their impact on the dynamic
behavior of sandwich structures is required. Among the critical
physical aspects that make the analysis of the dynamic behavior of
sandwich structures with viscoelastic soft cores a challenging and
complicated task are the deformability of the core in shear and in the
transverse direction and the interaction between the transverse shear
and the transverse normal stresses, mainly near edges, irregular
points, or concentrated loads [6,7]. These stresses play a critical role
in the localized and global response of the sandwich structure, and, in
many cases, govern its failure mechanism. The viscoelastic charac-
teristics of the core material may modify the distributions and the
magnitudes of these stresses, as well as those of the deflections and
stress resultants. This aspect and the influence of the viscoelastic
nature of the core on the overall and localized dynamic behavior of
the sandwich beam are studied here.

Along with the aforementioned, other aspects of the viscoelastic
response also contribute to the complexity of the problem. Among
these, the frequency, temperature, and rate dependency of the prop-
erties of the corematerial [8–10], the coupling of the vibrationmodes
[11], the influence of the core damping characteristics (material loss
factor) on the overall damping of the sandwich beam, the effect of the
geometrical and mechanical properties of the sandwich layers on the
overall damping characteristics [12], and the potential nonlinear
material behavior of the viscoelastic core at high frequency loading
[13] can be listed.

Many efforts were made to study the vibration response of sand-
wich beams with viscoelastic cores. Kerwin [14] analyzed a simply
supported sandwich beam using a complex shear modulus for the
representation of the viscoelastic core. DiTaranto [15] derived a
sixth-order differential equation of motion in terms of the longitu-
dinal displacements to study the viscoelastic response of sandwich
beams based on the complex shear modulus. Mead and Markus [11]
studied the forced vibration response of sandwich beams with
different boundary conditions by using the complex shear modulus
approach and the assumption of linear distribution of the longitudinal
displacement in the core. Following [11], many research works stud-
ied the viscoelastic response of sandwich beams. Rao [12] derived a
set of equations of motion for sandwich beams using energy
approaches. Lifshitz and Liebowitz [1] developed an automated
optimization numerical program for designing three-layer sandwich
beams for maximum damping. Galucio et al. [16] used the finite
element formulation assuming Euler–Bernoulli’s hypotheses for

the elastic faces and Timoshenko’s ones for the viscoelastic core.
Sakiyama et al. [17], Meunier and Shenoi [18], and Hunston et al.
[19] investigated the free and forced vibration response of sandwich
beams assuming that the core layer is stiff in the transverse (height)
direction and deforms in pure shear only. Pradeep et al. [20] assumed
that the dissipation in the core is only due to shear, and Nayfeh [21]
adopted the lumped mass and stiffness approach to study the flexural
vibration response of viscoelastic sandwich beams but without the
consideration of local effects at the edges or near concentrated loads.

The aforementioned studies, as well as many others, designate
three main aspects that require further investigation:

1) The studies focused on the influence of the viscoelasticity of the
corematerial on the overall harmonic response of the sandwich beam
without considering its influence on the local shear and normal trans-
verse stresses in the core. In general, the behavior of sandwich beams
is characterized by many local effects that govern their delamination
and debonding failures [22]. The effect of the viscoelastic nature of
the core on these local effects should be clarified.

2) The preceding theoretical models assumed that the height of the
core remains unchanged, that is, incompressible, and that the damp-
ing in the core ismainly due to shear deformations.Modern sandwich
beams are, however, made of compressible foam core materials that
are usually associated with localized displacements through the
height of the core and with different transverse normal stresses at the
interfaces. As a consequence, the transverse (through the height)
damping can play an important role in the dynamic response of the
sandwich beam and should therefore be considered [7,23].

3) The aforementioned studies used the complex shear modulus
approach to model the viscoelastic characteristics of the core.
This approach can be used for harmonic oscillations but it does not
address the transient response of the structure, which could be of
concern in many practical cases [3,24].

To overcome the limitations of the complex modulus approach,
Wang and Wereley [3] developed a spectral finite element model in
the frequency domain for the dynamic analysis of sandwich beams.
However, the transverse flexibility through the height and the trans-
verse damping of the core layer were not considered. Douglas and
Yang [23] presented a theoretical model that accounts for the trans-
verse flexibility and damping of the viscoelastic core. The model
focused only on the transverse behavior of the structure by modeling
the core layer as a transverse spring with a complex constant. The
shear deformations of the core, the interaction of the shear and trans-
verse normal stresses, and the variation of stresses through the height
of the core were not considered. However, the simpler model of [23]
showed very good agreement with the experiment with thick cores,
and provided some important guidance as to the conditions under
which the dissipation from transverse stretching is significant, such
as cases that included delamination or debonding. Also Douglas
[25], who extended the theoretical model of [23] to include rotary
inertia and shear deformation in the elastic layers, compared the
response of transverse stretching alone with that for shear alone. A
model that accounts for the transverse damping only but considers
the inertial forces of the core layer was presented by Sisemore and
Darvennes [7]. Bai and Sun [26] used a high-order theory that
accounts for the deformability of the core in shear and in the trans-
verse direction. Yet, the influence of the viscoelastic behavior of the
core in the transverse direction was ignored. In addition, the model
was limited to the response of sandwich panels under forced har-
monic loads. Baber et al. [27] developed a finite element model for
harmonically excited viscoelastic sandwich beams based on the theo-
retical approach of [26]. Based on the complex modulus approach,
Miles and Reinhall [28] developed a theoretical model that accounts
for dissipation through both shear and transverse normal stresses in
the viscoelastic layer. The model assumed a constant transverse
normal strain and a linear variation of the shear angle through the
thickness of the core. These two assumptions are not compatible in
terms of material point (continuum) level equilibrium in the core,
they lead to constant transverse normal stresses through the thickness
of the core, and they violate the shear stress free boundary condition
at the free faces of the core. Based on [6,22,29–32], the transverse
normal stresses vary through the height of the core, attain different
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values and different distributions at the upper and the lower
interfaces, and, in many cases, even have different signs (tension/
compression) at the different interfaces. These effects must be
considered in the dynamic analysis of the viscoelastic sandwich
beam. Furthermore, to quantify the transverse stress concentrations
at the ends of the core, which are critical for the design of sandwich
beams, the shear stress free boundary condition and the interaction
between the shear stresses and the transverse normal stresses
stemming from the continuum level equilibrium conditions must be
fulfilled. In addition, Miles and Reinhall [28] focused only on the
determination of the modal loss factors and frequencies of sandwich
beams with a relatively thin viscoelastic layer by a free vibration
analysis using the Ritz method with assumed displacement fields
through the length of the beam. Thus, the behavior of sandwich
beams with a thick core under different types of dynamic loads, in
which the aforementioned effects are evenmore pronounced,was not
studied.

A high-order dynamic theory that accounts for the shear and
transverse deformability of the core was presented by Frostig and
Baruch [6], Frostig and Thomsen [29], and Schwarts-Givli et al. [30–
32]. These works did not take the viscoelastic features of the core or
the damping effects in the sandwich structure into account. The
damping and viscoelastic dynamic response of reinforced concrete
flexural members strengthened with adhesively bonded composite
materials were studied by Hamed and Rabinovitch [33]. The model
used a high-order theory [22], but it was limited to the Kelvin–Voigt
model of viscoelasticity [34] and did not address the unique aspects
of the sandwich structure. A preliminary Kelvin–Voigt model for
sandwich beamswas also presented byHamed andRabinovitch [35].
Yet, due to the limitation to only one phase of the viscoelastic phe-
nomena reflected by theKelvin–Voigtmodel, thismodel could not be
used for the description of the entire spectrum of the viscoelastic
response.

The objective of this paper is to analytically study and describe the
localized and overall damped dynamic behavior ofmodern sandwich
beams with a shear deformable and transversely compressible visco-
elastic core. For that purpose, a theoretical model for the dynamic
analysis of a sandwich beam made of a viscoelastic soft core and
elastic composite laminated face sheets is developed. The theoretical
approach combines the basic concepts of the high-order sandwich
theory [6,22] with the Kelvin–Voigt and Maxwell models of visco-
elasticity. The four basic building blocks for linear viscoelasticity
are the elastic solid (single spring), viscous fluid (single dashpot),

Kelvin–Voigt solid (spring and dashpot in parallel), and Maxwell
fluid (spring and dashpot in series). The investigation of the latter two
models, along with the elastic solid one, which is included in the
numerical study and can be degenerated from the current formulation
to provide the one given in [6] as a particular case, provide a theore-
tical basis for other, more complex, and more refined viscoelastic
theories, such as the standard linear solidmodel (Maxwell’smodel in
parallel with an elastic solid), the generalized Maxwell model, or
others [8,34]. The model developed here accounts for the high-order
deformation fields and for the viscoelastic effect in transverse shear
and in the transverse normal direction in the core under transient and
steady-state dynamic response. On the other hand, following Frostig
and Baruch [6], the high-order velocity and acceleration effects are
not accounted for.

The theoretical formulation uses dynamic equilibrium, compa-
tibility requirements between the structural components, and the
viscoelasticmodels. The principle of virtual work is used for the deri-
vation of the equations of motion. The lamination theory is used
for the modeling of the elastic composite laminated face sheets. To
account for the response of the structure under different dynamic
loads (not necessarily harmonic ones), the fundamental forms of the
Kelvin–Voigt andMaxwell models [34] are implemented in the con-
stitutive relations of the core. The two types of viscoelastic models
account for the energy dissipation. The temperature rise in the core
due to dissipation of energy is, however, neglected, and it is assumed
that the viscoelastic constants of the core material are independent of
the temperature and the frequency [8,16]. Following Frostig et al.
[6,22], the longitudinal stiffness of the core is neglected with respect
to that of the face sheets. It is also assumed that the loads are exerted
at the face sheets and that the stress and deformation fields are
uniform through the width. Finally, as a first step, the analysis is
conducted in the framework of linear elasticity, linear viscoelasticity,
and geometrical linearity (small deflections).

II. Mathematical Formulation

The mathematical formulation includes the derivation of the
equations of motion and the initial and boundary conditions. The
viscoelastic characteristics of the core material are then introduced
through the constitutive relations, and the governing equations that
correspond to the Kelvin–Voigt and Maxwell models for the core
material are derived. The sign conventions for the coordinates,
displacements, loads, stresses, and stress resultants appear in Fig. 1.
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Fig. 1 Geometry, loads, sign conventions, and stress resultants: a) geometry and loads, b) deformations and coordinate system, c) stresses and stress

resultant.
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The principle of virtual work requires

�K � �0U� �W � 0 (1)

where �K is the virtual work of the inertial forces, �0U is the virtual
work of the stresses, �W is the virtual work of the external loads, and
the prime designates that U is not necessarily a potential function.
The virtual work of the inertial forces is

�K��
�Z

Vt

	t� �wt�x; zt; t��wt�x; zt; t� � �ut�x; zt; t��ut�x; zt; t�� dVt

�
Z
Vb

	b� �wb�x; zb; t��wb�x; zb; t� � �ub�x; zb; t��ub�x; zb; t��dVb

�
Z
Vc

	c� �wc�x; zc; t��wc�x; zc; t� � �uc�x; zc; t��uc�x; zc; t�� dVc
�

(2)

where t, b, and c refer to the upper face sheet, the lower face sheet,
and the core, respectively, 	i is the mass density of the upper (i� t)
and the lower (i� b) face sheets and the core (i� c),wi�x; zi; t�, and
ui�x; zi; t� are the transverse and longitudinal displacements of each
component, respectively, Vi (i� t, b, c) is the volume of each
component, and �_� denotes a derivative with respect to time. The
virtual work of the stresses [36] is

�0U��
�Z

Vt

�txx�x; zt; t��"txx�x; zt; t�dVt

�
Z
Vb

�bxx�x; zb; t��"bxx�x; zb; t�dVb

�
Z
Vc

��cxz�x; zc; t���cxz�x; zc; t� � �czz�x; zc; t��"czz�x; zc; t�� dVc
�

(3)

where �ixx and "
i
xx (i� t, b) are the longitudinal stresses and strains,

respectively, in the upper and the lower face sheets, �cxz and �
c
zz are the

transverse shear and transverse normal stresses in the core, respec-
tively, and �cxz and "

c
zz are the transverse shear angle and transverse

normal strain in the core, respectively.
The kinematic relations of the face sheets assume small displace-

ments and negligible shear deformations and follow the Bernoulli–
Euler theory:

wi�x; zi; t� �wi�x; t� (4a)

ui�x; zi; t� � uoi�x; t� � ziwi;x�x; t� (4b)

"ixx�x; zi; t� � uoi;x�x; t� � ziwi;xx�x; t� (4c)

where zt and zb are measured from the midheight of the face sheets
downward, uoi is the longitudinal deformation at the reference line
(midheight) of the face sheets (see Fig. 1), and � �;x is a derivativewith
respect to x.

The kinematic relations for the core are

"czz�x; zc; t� � wc;z�x; zc; t� (5a)

�cxz�x; zc; t� � uc;z�x; zc; t� � wc;x�x; zc; t� (5b)

The virtual work of the external loads equals

�W�
Z
x�L

x�0
�qzi�x; t��wi�x; t��nxi�x; t��uoi�x; t�

�myi�x; t��wi;x�x; t��dx

�
XNC
j�1

Z
x�L

x�0
� �Pji�t��wi�xj; t�� �Nji�t��uoi�xj; t�

� �Mji�t��wi;x�xj; t���D�x� xj�dx �i� t;b� (6)

where qzi�x; t�, nxi�x; t�, myi�x; t� are the time-dependent external
distributed loads and bending moments exerted at the upper (i� t)
and the lower (i� b) face sheets, respectively, �Pji�t�, �Nji�t�, and
�Mji�t� are the dynamic concentrated loads and bending moments at
x� xj, �D is the Dirac function, NC is the number of concentrated
loads, and L is the length of the beam.

The assumption of perfect bonding between the components is
introduced through compatibility requirements imposed on the trans-
verse and the longitudinal deformations at the interfaces of the core:

wc�x; zc � 0; t� � wt�x; t� (7a)

uc�x; zc � 0; t� � uot�x; t� �
ht
2
wt;x�x; t� (7b)

wc�x; zc � hc; t� �wb�x; t� (8a)

uc�x; zc � hc; t� � uob�x; t� �
hb
2
wb;x�x; t� (8b)

where hc, ht, and hb are the thicknesses of the core, the upper and
lower face sheets, respectively, and zc is measured from the upper
core-face interface (Fig. 1a).

Although the high-order terms of the displacements in the
transverse direction are considered, following Frostig andBaruch [6]
and the findings of Sokolinsky and Nutt [37], who have made an
attempt to consider the high-order velocity and acceleration fields of
the core through its thickness and compared the results with [6], the
distributions of the velocities and accelerations are assumed linear
through the height of the core. For example, the velocities are

_w c�x; zc; t� � � _wb�x; t� � _wt�x; t��
zc
hc
� _wt�x; t� (9)

_uc�x; zc; t� �
�
_uob�x; t� �

hb
2

_wb;x�x; t� � _uot�x; t�

� ht
2

_wt;x�x; t�
�
zc
hc
� _uot�x; t� �

ht
2

_wt;x�x; t� (10)

As the motivation of this paper is to investigate the effect of the
viscoelasticity of the corematerial rather than the influence of higher-
order distributions of thevelocity and accelerationfields, the reader is
referred to [31,32] for a different approach that can incorporate the
higher-order inertia effects.

Using the variational principle [Eqs. (1–3) and (6)], along with the
kinematic relations [Eqs. (4) and (5)], the compatibility conditions
[Eqs. (7) and (8)], and the velocity and acceleration fields of the core
[Eqs. (9) and (10)], the equations of motion read (also see [6,33,35])

Ntxx;x�x; t� � b�cxz�x; zc � 0; t� �mt �uot�x; t� �
mcht
6

�wt;x�x; t�

�mchb
12

�wb;x�x; t� �
mc

3
�uot�x; t� �

mc

6
�uob�x; t� � nxt�x; t� � 0

(11)

Nbxx;x�x; t� � b�cxz�x; zc � hc; t� �mb �uob�x; t� �
mtht
12

�wt;x�x; t�

�mchb
6

�wb;x�x; t� �
mc

6
�uot�x; t� �

mc

3
�uob�x; t� � nxb�x; t� � 0

(12)
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Mt
xx;xx�x; t� � b

ht
2
�cxz;x�x; zc � 0; t� � b�czz�x; zc � 0; t�

�mt �wt�x; t� � 	tIt �wt;xx�x; t� �
mcht
12

�
2 �wb�x; t� � 4 �wt�x; t�

ht

� ht �wt;xx�x; t� �
hb
2

�wb;xx�x; t� � 2 �uot;x�x; t� � �uob;x�x; t�
�

� qzt�x; t� �myt;x�x; t� � 0 (13)

Mb
xx;xx�x; t� � b

hb
2
�cxz;x�x; zc� hc; t� � b�czz�x; zc� hc; t�

�mb �wb�x; t� � 	bIb �wb;xx�x; t� �
mchb
12

�
2 �wt�x; t� � 4 �wb�x; t�

hb

� ht
2

�wt;xx�x; t� � hb �wb;xx�x; t� � 2 �uob;x�x; t� � �uot;x�x; t�
�

� qzb�x; t� �myb;x�x; t� � 0 (14)

�cxz;x�x; zc; t� � �czz;z�x; zc; t� � 0 (15)

�cxz;z�x; zc; t� � 0 (16)

where mi (i� t, b, c) is the mass per unit length of the upper face
sheet, the lower face sheet, and the core layer, respectively,Nixx,M

i
xx

(i� t, b) are the in-plane and bending moment stress resultant in the
face sheets, b is the width of the beam, and Ii (i� t, b) is the second
moment of area of each face sheet. Note that the mathematical model
presented in [6], which focused on the free vibration behavior of
elastic sandwich beams only, does not account for a complete
dynamic analysis under different loads, neither for the effect of the
rotary inertia of the face sheets nor the viscoelastic effects studied in
this paper. The free vibration equation presented in [6] can be
degenerated from Eqs. (11–16) by dropping the external forces and
the rotary inertia terms of the face sheets.

The viscoelastic characteristics of the core layer are introduced
through the constitutive relations. The formulation follows the main
steps developed in [6,22]; yet they are modified and generalized to
account for the viscoelasticity of the core. A variety of models were
proposed in the literature for the modeling of different viscoelastic
materials. Most of these models are, however, based on the funda-
mental Kelvin–Voigt and Maxwell models [8,34] (as well as the
purely elastic case and the purely viscous case). The Kelvin–Voigt
and Maxwell models, which can represent different core materials
and different aspects of the viscoelastic dynamic response, are stud-
ied here (the elastic case, which is addressed in [6] is considered by
degenerating the viscoelastic models studied here). Although the
core never actually behaves like Maxwell’s model nor like a Kelvin–
Voigtmodelwith a single retardation time, but according to advanced
combinations of viscoelastic models, it is of significant impact to
show how the structure behaves according to these twomodels when
used separately.

In all cases, the discussion limits the viscoelastic effects to the core
material only and the constitutive relations of the face sheets assume
a linear elastic behavior. Thus, the constitutive laws for the laminated
face sheets are

Nixx�x; t� � b�Aixxuoi;x�x; t� � Bixxwi;xx�x; t�� (17)

Mi
xx�x; t� � b�Bixxuoi;x�x; t� �Di

xxwi;xx�x; t�� (18)

where Aixx, B
i
xx, and D

i
xx are the extensional, extensional-bending,

and flexural rigidities of the face sheets in the x direction.

A. Kelvin–Voigt Model

The formulation of the Kelvin–Voigt model follows [33,35].

1. Constitutive Relations

According to the Kelvin–Voigt model with a single retardation
time, the constitutive relations of the viscoelastic core are

�czz�x; zc; t� � Ec"czz�x; zc; t� � a�1Ec _"czz�x; zc; t� (19)

�cxz�x; zc; t� �Gc�cxz�x; zc; t� � a�1Gc _�cxz�x; zc; t� (20)

where Ec and Gc are the transverse modulus of elasticity and shear
modulus of the core, respectively, _"czz and _�cxz are the transverse
normal strain rate and the shear angle rate, respectively, anda�1 anda

�
1

are the viscous constants of the Kelvin–Voigt model. In the general
case, the elastic properties and the viscous constants depend on the
frequency and temperature. These effects are not studied here and the
values of the viscous constants are determined based on a character-
istic range of undamped frequencies and maintained constant during
the dynamic time domain analysis [8]. In addition, the modeling
assumes a constant and prescribed temperature and neglects the
temperature rise due to the energy dissipation.

2. Stress and Displacement Fields

Equations (15) and (16) yield the following stress fields (also see
[6,22,33,35]):

�cxz�x; zc; t� � �cxz�x; t� � �c�x; t� (21)

�czz�x; zc; t� � ��c;x�x; t�zc � C��x; t� (22)

where C��x; t� is a function of x and t only.
The transverse displacement is determined using the kinematic

and the constitutive relations [Eqs. (5a) and (19)] and integration
through the height of the core:

�wc�x; zc; t� � a�1 _wc�x; zc; t��

� ����
c
;x�x; t�z2c=2� � C��x; t�zc�

Ec
� Cw�x; t� (23)

where Cw�x; t� is a second function of x and t only. Using the
transverse velocity field of the core [Eq. (9)], the transverse
displacement field takes the following form:

wc�x; zc; t� � �a�1
�
zc
cc

_wb�x; t� �
�
1 � zc

cc

�
_wt�x; t�

�

� z2c
2Ec

�c;x�x; t� �
zc
Ec
C��x; t� � Cw�x; t� (24)

C��x; t� and Cw�x; t� are determined using the compatibility
conditions of the transverse displacement at the core-sheet interfaces
[Eqs. (7a) and (8a)] and, following [33,35], the transverse displace-
ment and normal stresses through the height of the core become

wc�x; zc; t� � ��c;x�x; t�
�z2c � hczc�

2Ec

� �wb�x; t� � wt�x; t��zc
hc

�wt�x; t� (25)

�czz�x; zc; t� �
Ec

n
wb�x; t� � wt�x; t� � a�1 � _wb�x; t� � _wt�x; t��

o
hc

� �c;x�x; t�
�2zc � hc�

2
(26)

The distribution of the longitudinal displacement is determined using
the kinematic relation [Eq. (5b)] and the constitutive relations
[Eq. (20)]. Integration through the height of the core yields
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�uc�x; zc; t� � a�1 _uc�x; zc; t�� �
Z
�c�x; t�
Gc

dzc �
Z
�wc;x�x; zc; t�

� a�1 _wc;x�x; zc; t�� dzc � Cu�x; t� (27)

where Cu�x; t� is determined through the compatibility condition of
the longitudinal displacement at the upper interface [Eq. (7b)].
Explicitly, uc is determined by introducing the velocity fields [Eq. (9)
and (10)] and the transverse displacement field [Eq. (25)] into
Eq. (27) (also see [33,35]):

uc�x; zc; t� �
�c�x; t�zc
Gc

� �
c
;xx�x; t�
2Ec

�
z3c
3
� hc

z2c
2

�

�wb;x�x; t�z
2
c

2hc
�wt;x�x; t�

�
� z2c
2hc
� zc �

ht
2

�
� uot�x; t�

� a�1
�
zchb
2hc
� z2c

2hc

�
_wb;x�x; t� � a�1

�
zc �

z2c
2hc
� zcht

2hc

�
_wt;x�x; t�

� a�1
zc
hc
� _uot�x; t� � _uob�x; t�� (28)

By comparing the stress and displacement fields obtained here for the
core layer with the ones presented in [6,22], it can be seen that the
transverse displacement field is identical to the one presented in
[6,22], whereas the viscoelasticity of the core introduces additional
viscous terms to the fields of the transverse stresses and the longi-
tudinal deformations. Setting the viscous coefficients a�1 and a

�
1 to

zero, reduces Eqs. (25), (26), and (28) to the elastic case and recovers
the stress and displacement fields presented in [6,22]. Also note that,
as opposed to Miles and Reinhall [28], which assumed a constant
transverse normal strain and a linear variation of the shear angle
through the thickness of the core, no assumptions are made herewith
regards to the pattern of the deformation fields. These fields stem
from the formulation of the model, whereas a linear distribution is
only assumed for the velocities and accelerations through the thick-
ness of the core. This assumption was also adopted in [28] (as well as
in [6]).

3. Dynamic Governing Equations

The dynamic governing equations are derived using the equations
of motion [Eqs. (11–16)], the constitutive relations [Eqs. (17–20)],
the compatibility requirements of the longitudinal deformations at
the lower core-sheet interface [Eq. (8b)], and the transverse shear and
transverse normal stress fields [Eqs. (21) and (26)]. These equations
are stated in terms of the unknown displacements wt�x; t�, wb�x; t�,
uot�x; t�, uob�x; t�, and the unknown transverse shear stress �c�x; t�,
and take the following form (also see [35]) (for brevity, the notation
of the independent variables is omitted):

bAtxxuot;xx � bBtxxwt;xxx � b�c �mt �uot

�mc

6

�
ht �wt;x �

1

2
hb �wb;x � 2 �uot � �uob

�
� nxt � 0 (29)

bAbxxuob;xx � bBbxxwb;xxx � b�c �mb �uob

�mc

6

�
1

2
ht �wt;x � hb �wb;x � �uot � 2 �uob

�
� nxb � 0 (30)

bDt
xxwt;xxxx � bBtxxuot;xxx �

bEc
hc
�wt � wb�

� a�1
bEc
hc
� _wt � _wb� �

b�c;x
2
�hc � ht� �mt �wt � 	tIt �wt;xx

�mcht
12

�
2 �wb � 4 �wt

ht
� ht �wt;xx �

hb
2

�wb;xx � 2 �uot;x � �uob;x

�

� qzt �myt;x � 0 (31)

bDb
xxwb;xxxx � bBbxxuob;xxx �

bEc
hc
�wt � wb�

� a�1
bEc
hc
� _wt � _wb� �

b�c;x
2
�hc � hb� �mb �wb � 	bIb �wb;xx

�mchb
12

�
2 �wt � 4 �wb

hb
� ht

2
�wt;xx � hb �wb;xx � 2 �uob;x � �uot;x

�

� qzb �myb � 0 (32)

uot � uob� a�1� _uot � _uob� �
�hc� ht�

2
wt;x � a�1

�hc� ht�
2

_wt;x

� �hc� hb�
2

wb;x � a�1
�hc� hb�

2
_wb;x�

�chc
Gc
� �

c
;xxh

3
c

12Ec
� 0 (33)

4. Boundary and Initial Conditions

The boundary conditions are

�Nkxx�t� � �Nk�t� or uok�t� � �uok�t� (34)

� �Mk
xx�t� � �Mk�t� or wk;x�t� � �wk;x�t� (35)

�

�
Mk
xx;x�t� � �c�t�b

hk
2
� 	kIk �wk;x�t� �

mc

24
hbht�
 �wb;x�t�

� �1 � 
� �wt;x�t�� �
mc

24
h2k �wk;x�t� �

mc

6
�
ht �uot�t�

� �1 � 
�hb �uob�t�� �
mc

12
�
hb �uob�t�

� �1 � 
�ht �uot�t�� �myk

�
� �Pk�t� or wk�t� � �wk�t� (36)

�c�t� � 0 or wc�zc; t� � �wc�zc; t� (37)

where �Pk�t�, �Nk�t�, and �Mk�t� (k� t, b) are dynamic loads and
bending moments exerted at the boundaries, �uok�t�, �wk�t�, and
�wk;x�t� (k� 1, 2) are prescribed deformations and rotations at the
boundaries, �� 1 where x� L, ���1 where x� 0, 
� 1 where
k� t, 
� 0 where k� b, and �wc�zc; t� is a prescribed deformation
field through the height of the core.

The initial conditions at t� 0 are

uoi�x; 0� � �uoi�x� �i� t; b� (38)

_u oi�x; 0� � �_uoi�x� �i� t; b� (39)

wi�x; 0� � �wi�x� �i� t; b� (40)

_w i�x; 0� � �_wi�x� �i� t; b� (41)

where �uoi�x�, �wi�x�, �_uoi�x�, �_wi�x� (i� t, b) are prescribed
displacement and velocity distributions along the beam at t� 0.

B. Maxwell’s Model

1. Constitutive Relations

The classical form of the constitutive relations according to
Maxwell’s model of viscoelasticity with a single retardation time is

_" czz�x; zc; t� �
_�czz�x; zc; t�

Ec
� �

c
zz�x; zc; t�
b�1Ec

(42)

_� cxz�x; zc; t� �
_�cxz�x; zc; t�

Gc
� �

c
xz�x; zc; t�
b�1Gc

(43)
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where b�1 and b
�
1 are the viscous constants of Maxwell’s model. The

assumptions made in the previous section on the viscous constants
(frequency independent within the examined range of response fre-
quencies, constant temperature, no temperature rise due to damping)
are adopted here as well. Integration of Eqs. (42) and (43) in time
yields the following constitutive relations:

"czz�x; zc; t� �
�czz�x; zc; t�

Ec
�
Z
t

0

�czz�x; zc; t0�
b�1Ec

dt0 (44)

�cxz�x; zc; t� �
�cxz�x; zc; t�

Gc
�
Z
t

0

�cxz�x; zc; t0�
b�1Gc

dt0 (45)

Opposed to the Kelvin–Voigt model, this form shows that Maxwell’s
model carries a memory of the stressing history in the form of the
temporal integrals.

2. Stress and Displacement Fields

The transverse shear and transverse normal stresses, Eqs. (21) and
(22), directly stem from the requirement of differential equilibrium.
Therefore, they are independent of the constitutive behavior and are
valid here as well. On the other hand, the transverse displacement,
which is determined by means of integration of Eq. (44) through the
height of the core, reads

wc�x; zc; t� �
f���c;x�x; t�z2c=2� � C��x; t�zcg

Ec
� Cw�x; t�

� ���z
2
c=2�

R
t
0 �

c
;x�x; t0� dt0 � zc

R
t
0 C��x; t0� dt0�

b�1Ec
(46)

The function Cw�x; t� is determined using the compatibility
condition of the transverse displacements at the upper core–face
sheet interface [Eqs. (7a)]. Therefore, the distribution of the trans-
verse displacement through the height of the core reads

wc�x; zc; t��
f���c;x�x; t�z2c=2� �C��x; t�zcg

Ec

� ���z
2
c=2�

R
t
0 �

c
;x�x; t0�dt0 � zc

R
t
0 C��x; t0�dt0�

b�1Ec
�wt�x; t� (47)

The function C��x; t� is determined using the compatibility
condition of the transverse displacements at the lower core–face
sheet interface [Eqs. (8a)]. However, due to the implicit integral
expressions in Eq. (47), this compatibility condition is to be fulfilled
simultaneously with the solution of the governing equations. In other
words, the compatibility condition of the transverse deformations at
the lower core–face sheet interface [Eq. (8a)] joins the set of
governing equations and the additional unknown functionC��x; t� is
added to the set of unknowns.

The distribution of the longitudinal displacement is determined
using the kinematic relation [Eq. (5b)] and the constitutive relation
[Eq. (45)] and reads

uc�x; zc; t� �
Z
�c�x; t�
Gc

dzc �
ZZ

t

0

�c�x; t0�
b�1Gc

dt0 dzc

�
Z
wc;x�x; zc; t� dzc � Cu�x; t� (48)

Substituting the transverse deformation field [Eq. (47)] into Eq. (48),
integrating through the height of the core, and using the condition of
compatibility of longitudinal displacements at the upper interface
[Eq. (7b)] yields the following expression for the longitudinal
displacement field:

uc�x; zc; t� �
zc�

c�x; t�
Gc

�
Z
t

0

zc�
c�x; t0�
b�1Gc

dt0

� �
c
;xx�x; t�z3c
6Ec

� C�;x�x; t�z
2
c

2Ec
� z3c

6b�1Ec

Z
t

0

�c;xx�x; t0� dt0

� z2c
2b�1Ec

Z
t

0

C�;x�x; t0� dt0 � zcwt;x�x; t� � uot�x; t�

� ht
2
wt;x�x; t� (49)

3. Dynamic Governing Equations

The dynamic governing equations are derived using the equations
of motion [Eqs. (11–16)], the constitutive relations [Eqs. (17), (18),
(44), and (45)], the compatibility requirements of the transverse
and longitudinal displacements at the lower core-sheet interface
[Eqs. (8a) and (8b)], and the transverse shear and transverse normal
stress fields [Eqs. (21) and (22)]. These equations are stated in terms
of the unknown displacements wt�x; t�, wb�x; t�, uot�x; t�, uob�x; t�,
the unknown transverse shear stress �c�x; t�, and the unknown
function C��x; t�, and take the following form (for brevity, the
notation of the independent variables is omitted):

bAtxxuot;xx � bBtxxwt;xxx � b�c �mt �uot

�mc

6

�
ht �wt;x �

1

2
hb �wb;x � 2 �uot � �uob

�
� nxt � 0 (50)

bAbxxuob;xx � bBbxxwb;xxx � b�c �mb �uob

�mc

6

�
1

2
ht �wt;x � hb �wb;x � �uot � 2 �uob

�
� nxb � 0 (51)

bDt
xxwt;xxxx � bBtxxuot;xxx � b

ht
2
�c � bC� �mt �wt � 	tIt �wt;xx

�mcht
12

�
2 �wb � 4 �wt

ht
� ht �wt;xx �

hb
2

�wb;xx � 2 �uot;x � �uob;x

�

� qzt �myt;x � 0 (52)

bDb
xxwb;xxxx � bBbxxuob;xxx � b

hb
2
�c � bC� �mb �wb � 	bIb �wb;xx

�mchb
12

�
2 �wt � 4 �wb

hb
� ht

2
�wt;xx � hb �wb;xx � 2 �uob;x � �uot;x

�

� qzb �myb � 0 (53)

����c;xh2c=2� � C�hc�
Ec

� ���h
2
c=2�

R
t
0 �

c
;x dt

0 � hc
R
t
0 C� dt

0�
b�1Ec

� wt � wb � 0 (54)

hc�
c

Gc
� hc
b�1Gc

Z
t

0

�c dt0 � �
c
;xxh

3
c

6Ec
�C�;xh

2
c

2Ec
� h3c
6b�1Ec

Z
t

0

�c;xx dt
0

� h2c
2b�1Ec

Z
t

0

C�;x dt
0 �hcwt;x�uot�Ytwt;x�uob�Ybwt;x� 0

(55)

Note that Eqs. (54) and (55), which result from the compatibility
requirements of the transverse and longitudinal deformations at the
lower core-sheet interface [Eqs. (8a) and (8b)], respectively, include
the integral history terms.

4. Boundary and Initial Conditions

Also here, seven time-dependent boundary conditions are
prescribed at the ends of the beam, and two x-dependent initial
conditions at t� 0 are defined for each of the four unknown
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displacements. According to the principle of virtual work, Eq. (1),
the unknown function C��x; t�, which is only defined in the field, is
not subjected to boundary conditions. In addition, at time t� 0, the
temporal integrals vanish and C��x; 0�, which is obtained from
Eq. (54), is not subjected to initial conditions. Hence, the boundary
and initial conditions ofMaxwell’smodel are identical to those of the
Kelvin–Voigt model of Eqs. (34–41).

III. Solution

Each of the two sets of dynamic governing equations [Eqs. (29–
33) and Eqs. (50–55)] form a set of partial differential equations. The
solution of the governing equations in time uses Newmark’s
approach [38]. The time domain is divided intofinite intervals and the
first and second time derivatives of each unknown function are
expressed as explicit functions of the unknowns in the present time
step and the known functions and their first and second time
derivatives in the preceding time step. Thus, the first and second time
derivatives of a generic unknown function g�x; t� at the end of the jth
time step (t� tj) take the following form:

_g�x; tj� � _g�x�j �
���t � ��t� _g�x�j�1 � ��g�x�j � g�x�j�1� � ���t2 � 1

2
��t2� �g�x�j�1

��t
(56)

�g�x; tj� � �g�x�j �
g�x�j � g�x�j�1 ��t _g�x�j�1 � 1

2
�t2 �g�x�j�1 � ��t2 �g�x�j�1

��t2
(57)

where �g�x�j, _g�x�j, and g�x�j are unknown functions at the jth time
step, �g�x�j�1, _g�x�j�1, and g�x�j�1 are known functions at the end of
the j � 1th time step (with t0 � 0), � and � are parameters that
control the stability and accuracy characteristics of the algorithm, and
�t is the time step interval.

By using this procedure, the governing equations that are based on
the Kelvin–Voigt model [Eqs. (29–33)] reduce to a set of ordinary
differential equations (ODEs) in terms of the unknowns wt�x�j,
wb�x�j, uot�x�j, uob�x�j, and �c�x�j. These equations, along with the
boundary conditions, are solved analytically or numerically at every
time step. Here, a multiple shooting method (e.g., Stoer and Bulirsch
[39]) is adopted.

On the other hand, by applying the preceding procedure to the
governing equations that are based on Maxwell’s model [Eqs. (50–
55)], the equations still include implicit time integrals that require
special treatment. Based on Newmark’s approach [38], the time
integrals in Eqs. (54) and (55) are also expressed as explicit functions
of the unknowns in the present time step and the known functions,
their first time derivatives, and their second time derivatives in the
preceding time step. Recalling Newmark’s method,

g�x; tj� � g�x�j � g�x�j�1 ��t _g�x�j�1

��t2

2
��1 � 2�� �g�x�j�1 � 2� �g�x�j� (58)

The integral of g�x� at time t� tj becomes

Z
tj

0

g�x; t0� dt0 �
Z
tj�1

0

g�x; t0� dt0 ��tg�x�j�1

��t2

2
_g�x�j�1 �

�t3

6
��1 � 2�� �g�x�j�1 � 2� �g�x�j� (59)

By substituting Eq. (57) into Eq. (59), the integral of any unknown
function g�x� at time t� tj becomes a function of the unknown
function at the present time g�x�j, the known integral of this function
from t� 0 to t� tj�1, and the known function and its first time
derivative at t� tj�1, as follows:

Z
tj

0

g�x; t0� dt0 �
Z
tj�1

0

g�x; t0� dt0 ��t

3
g�x�j

� 2�t

3
g�x�j�1 �

�t2

6
_g�x�j�1 (60)

Using this procedure, Eqs. (50–55) reduce to a set of algebraic-
differential equations in terms of wt�x�j, wb�x�j, uot�x�j, uob�x�j,
�c�x�j, and C��x�j. The last term C��x�j is eliminated from the
evolution of Eq. (54) and is introduced into the evolution of Eq. (55)
to yield a set of ODEs that is compatible with the boundary
conditions of Eqs. (34–37). Also here, a multiple shooting method,
which is described next, is adopted for the resulting equations.

In the multiple shooting method, the governing equations that are
based on theKelvin–Voigtmodel [Eqs. (29–33)] orMaxwell’smodel
[Eqs. (50–55)] are first converted into a set of ordinary first-order
differential equations in terms of the unknown deformations, slopes,
internal forces, shear stress, and shear stress gradient. In the
following discussion, the unknowns are designated by the entries of
the unknown vector Y�x�. The spatial domain x� �0; L� is then

divided into N regions, and the set of first-order equations is
numerically integrated using the Runge–Kutta or other method with
assumed initial conditions snm in each region:

snm � Ym�xn�; m� 1; . . . ;M; n� 1; . . . ; N (61)

where M is the number of first-order governing equations (in the
present case M� 14), snm is the assumed initial value for the mth
unknown function in the nth region, and xn is the x coordinate of the
left end of the nth region. The numerical solution of the differential
equations is reduced to finding the vector snm that satisfiesF�snm� � 0,
where F stands for the difference between the value of snm at the left
end of the nth region and the value at the right end of the adjacent
region (nth � 1) resulting from the numerical integration, the
differences between s1m and the prescribed values given by the
boundary conditions at the left end of the beam, and the differences
between the values at the right end of the Nth region resulting from
the numerical integration and the prescribed values given by the
boundary conditions at the right end of the beam. In general, the
unknowns snm that satisfy all continuity and boundary conditions are
iteratively solved for using the Newton–Raphson scheme. However,
in linear problems, the multiple shooting method yields a simpler
straightforward solution procedure; see, for example, Stoer and
Bulirsch [39].

IV. Advanced Viscoelastic Models

The two fundamental viscoelastic models (as well as the elastic
solid model [6] and the viscous fluid model which is not addressed
here) and their analytical and numerical treatment provide a basis and
building blocks for more refined viscoelastic models that include
multiple retardation times or multiple rheologic components. To
illustrate this, consider the generalized Maxwell viscoelastic model
for the core that includes a number of Maxwell units and a single
Hookean (elastic) spring connected in parallel. Each viscoelastic unit
has different material constants and relaxation time. In this case, and
in any desired viscoelastic model, the equations of motion [Eqs. (11–
16)], which are not affected by the constitutive relation, do not
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change. On the other hand, the stresses in the core equal to the sum of
stresses developed in each unit

�czz�x; zc; t� �
X~N

u�1
�czzu�x; zc; t�; �cxz�x; zc; t� �

X~N

u�1
�cxzu�x; zc; t�

(62)

where ~N is the number of units in parallel. Recalling Maxwell’s
constitutive relations [Eqs. (44) and (45)] and using Eq. (60), the
transverse normal strain and shear angle at the uth Maxwell’s unit,
which are equal to those of the entire group, take the following form:

"czz�x; zc; tj� �
�czzu�x; zc; tj�

Ecu
��t

3

�czzu�x; zc; tj�
b�uEcu

�
Z
tj�1

o

�czzu�x; zc; t0�
b�uEcu

dt0 � 2�t

3

�czzu�x; zc; tj�1�
b�uEcu

� ��t�
2

6

_�czzu�x; zc; tj�1�
b�uEcu

(63)

�cxz�x; zc; tj� �
�cxzu�x; zc; tj�

Gcu
��t

3

�cxzu�x; zc; tj�
b�uGcu

�
Z
tj�1

o

�cxzu�x; zc; t0�
b�uGcu

dt0 � 2�t

3

�cxzu�x; zc; tj�1�
b�uGcu

� ��t�
2

6

_�cxzu�x; zc; tj�1�
b�uGcu

(64)

where Ecu andGcu are the transverse modulus of elasticity and shear
modulus of theuth unit, andb�u andb

�
u are theviscous constants of the

uth unit. These constants, as well as the material moduli and the
assumed relaxation time of each unit, can be determined by a Prony
or Dirichlet series with the aid of the least square or other method to

fit test data. The normal strain and shear angle of the ~Nth unit, which
correspond to the single Hookean spring, can be degenerated from
Eqs. (63) and (64) by setting the viscous terms (1=b�~N and 1=b�~N) to

zero. Also note that, for ~N � 2, Eqs. (62–64) recover the standard
linear solid model that combines a single Maxwell unit and a
Hookean spring in parallel.

As all the terms that are related to the response at time t� tj�1 are
known, the stresses at time t� tj can be obtained from Eqs. (63) and
(64) in terms of the unknown normal strains and shear angles at
t� tj, and the known response at t� tj�1. These stresses are then
backsubstituted into Eq. (62) to obtain the general constitutive rela-

tions of the generalized Maxwell model at each time step. Following
the procedure described in Sec. II.B, the stress and displacement
fields in the core layer, as well as the governing equations, are then
obtained. For brevity, this is not described here, however, note that,
once the solution is known at t� tj, the stresses at each unit can be
obtained using Eqs. (63) and (64).

V. Numerical Study

The numerical study examines the influence of the viscoelastic
characteristics of the core layer and compares the theoretical results
with experimental ones available in the literature. The first example
focuses on the behavior of an ordinary sandwich beam that is
simply supported at the ends of its faces and at the core. The second
example focuses on the behavior of a sandwich beam simply
supported at the lower face sheet and free at the upper face sheet and
the core. The third example studies the behavior of the cantilevered
sandwich beam that was experimentally studied by Barbosa and
Farage [40].

A. Sandwich Beam Simply Supported at the Ends

The geometry, mechanical properties, and the dynamic load
appear in Fig. 2. Although this sandwich beam includes a relatively
thin core, where the transverse deformation and dissipation may be
negligible, it is provided here to describe and explain some of the
main differences between the two viscoelastic models. The shear
modulus of the core and its corresponding modulus of elasticity are
taken fromGalucio et al. [16], assuming that the vibration frequency
of the structure equals its first natural frequency (76 Hz), which was
obtained by a preliminary free vibration analysis. The viscoelastic
coefficients of the core material used in the Kelvin–Voigt model are
estimated as a�1 � ��=! and a�1 � ��=! (see [35]), where �� and ��
are the core material loss factors in shear and normal stresses,
respectively (see [41]), and ! is the frequency. Following Galucio
et al. [16], the magnitudes of the loss factors for 3M ISD112material
at room temperature and at a frequency level of approximately 76 Hz
are estimated as �� � �� � 10�5. Thus, the viscous coefficients are
taken as a�1 � a�1 � 0:00066 s. For reference, the peak deflections of
the face sheets (at midspan) and the peak transverse shear stresses
that develop under static loading are wb � 0:579 mm, wt�
0:585 mm, and �c � 3:168 kPa.

The time variation of the peak deflections, and the variation of the
peak transverse shear stresses under the dynamic step load are
studied using the Kelvin–Voigt model for the core [Eqs. (29–33)] in
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Fig. 2 Geometry, material properties, and loading of an ordinary sandwich beam: a) geometry, b) cross section and material properties, c) step load.
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Fig. 3. The results show that the deflections and stresses decay in time
toward the elastic static results. It is also shown that the deflections of
the upper and lower face sheets are almost identical through the
entire time domain. Using the logarithmic decrement technique, the
damping ratio in terms of transverse deflections and stresses is about
1.8% of the critical one.

Figure 4 shows the dynamic response of the sandwich beam
analyzed using Maxwell’s model [Eqs. (50–55)]. In this case, the
viscous coefficients were chosen to give the overall damping ratio of
1.8% akin to the one obtained by Kelvin–Voigt model. This equi-
valency yields b�1 � b�1 � 0:001 s. The results show that, although
the structure oscillates with the same frequency as the one obtained
in the Kelvin–Voigt model, its behavior in time is significantly

different. It can be seen that the transverse deflection of the upper
face sheets asymptotically reaches a constant finite displacement,
whereas that of the lower face sheet oscillates around an asymp-
totically decreasing line toward zero. The peak shear stress, on the
other hand, oscillates around the zero line and decays in time. These
results actually reveal that, although the core layer is modeled as a
Maxwell model, the entire sandwich beam behaves like a standard
linear solid model that combines the Maxwell model and a Hookean
spring in parallel. In this case, the Hookean spring effect is attributed
to the bending stiffness of the upper face sheet and its ability to
transfer load to the supports. Thus, as the stresses in the core layer and
their rate of change decay in time (Fig. 4c), the viscoelastic Maxwell
layer becomes less and less effective in terms of resisting the shear
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and transverse normal stresses. A larger portion of the global bending
moment is then carried in the formof bending of the loaded face sheet
while a smaller part is carried bymeans of the composite action of the
face sheets and the core.Once the internal stresses in the core are fully
relaxed, all the external loading is carried through bending of the
upper face sheet only, and the finite displacement of the upper face
sheet (1.3 mm) actually equals the static elastic displacement of a
simply supported beam of the same elastic and geometric properties
as the upper sheet. In practical terms, the load resisting mechanism
evolving with the Maxwell model is evidently not desired, as the
sandwich quickly looses its ability to resist loads through composite
action of the face sheets and the core.

Note that, as the viscoelastic feature of the core that is modeled by
a Kelvin–Voigt model damps the entire response of the structure,
including all the transverse displacements, the core in this case is
more effective than the case with Maxwell’s model. Because of that,
it can be seen in Figs. 3c and 4c that the peak shear stresses that
develop with the Kelvin–Voigt viscoelastic core are significantly
higher than the ones with Maxwell’s model.

B. Sandwich Beam Simply Supported at the Lower Face

The geometry, mechanical properties, and the dynamic loads
appear in Fig. 5. The beam consists of two glass fiber reinforced
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polymer (GFRP) face sheets and a Divinycell H60 foam core.
Following Dwivedy et al. [5], the magnitudes of the loss factors for
Divinycell H60 foam at room temperature are estimated as ���
�� � 0:1. The first natural frequency of the structure is obtained by a
preliminary analysis and equals about 68 Hz. Thus, the viscous
coefficients are taken as a�1 � a�1 � 0:000234 s. The step, impulse,
and harmonic dynamic loads shown in Fig. 5 are examined. The
interfacial stresses that develop in the beam under a static load of
equal magnitude appear in Fig. 6 and reveal the transverse shear and
transverse normal stress concentrations near the edges and the
variation of the normal stresses from one core-face interface to
another.

1. Simply Supported (at the Lower Face Sheet) Beam: Response

to Step Load

The time variation of the stresses at their critical locations and the
variation of the peak deflection at midspan under the step load are
studied in Fig. 7 using the Kelvin–Voigt model. The results are
normalized with respect to the static elastic results and the figures
describe the dynamic magnification factors (DMFs) with DMF� 1
designating the static value. For reference, the response of the sand-
wich beam with an elastic core (a�1 � a�1 � 0) is plotted in dashed
lines. The results show that, with the viscoelastic core, the peakDMF
is approximately 1.9 at the first vibration cycle and it decays after few
cycles. In the case of the elastic core, the peak DMF does not decay
and, as expected, it equals 2.0. The damping ratio in terms of
transverse deflections and stresses is about 3% of the critical one.
These results quantify the level of effective damping expected with
the Kelvin–Voigt type of viscoelastic core.

Figure 8 shows the dynamic response of the sandwich beam
analyzed usingMaxwell’s model. Also here, the viscous coefficients
were chosen to give the overall damping ratio of 3% obtained by the

Kelvin–Voigt model, to yield b�1 � b�1 � 0:018 s. The results show
that the natural frequency and the DMFs of the internal stresses are
similar to the ones obtained using theKelvin–Voigtmodel. However,
in terms of transverse deflection, Fig. 8a shows thatMaxwell’smodel
damps the vibratory response but yields a monotonic growth of the
deflections in time. Because, in this case, the lower face sheet is
supported, its peak deflection (Fig. 8a) eventually approaches a finite
value. However, this finite displacement, which is determined by the
relatively low flexural rigidity of the lower face sheet only, is about
350 times the static displacement of the entire sandwich beam. This
effect is not prominent within the time interval shown in Fig. 8.

In the unique case studied here, the load is applied to the upper face
sheet while only the lower face sheet is supported (Fig. 5a). As the
rates of the internal stresses diminish in time, the peak levels of
transverse shear stresses in the core and interfacial normal stresses at
the lower interface slightly drop toward normalized values that are
smaller than one (Figs. 8b and 8d). On the other hand, the peak
interfacial normal stresses at the upper interface decay toward a
normalized value of one. This is attributed to the effect of the external
load applied to the upper face sheet, its notable influence on the
normal stresses at the upper interface, and the fact that the upper face
sheet is not directly supported but transfers the load to the supported
lower face sheet through the core. On the other hand, the decay of the
shear stresses and the interfacial normal stresses at the lower interface
below the level of the static values is a result of the softening effect
introduced byMaxwell’smodel and the corresponding redistribution
of stresses in the structure. Under the sustaining load studied here,
this effect eventually leads to large deflections of the lower supported
face sheet and unbounded deflections of the upper (nonsupported)
face sheet. These effects imply that, by itself, Maxwell’s model,
which is naturally more relevant to viscous fluids, does not provide a
realistic representation of the solid core of the partially supported
sandwich structure subjected to a sustained load. The importance and
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relevance ofMaxwell’smodel to the problem at hand is due to its role
as a building block for refined representation of the viscoelastic
nature of the core material and its ability to demonstrate, shed light
on, and explain some aspects of the response of the structure.

2. Simply Supported (at the Lower Face Sheet) Beam: Response to

Impulse load

The dynamic response of the beam subjected to a triangular
impulse load (Fig. 5d) is investigated using the Kelvin–Voigt and
Maxwell’s models in Fig. 9. The load duration is about one-tenth the
first vibration period. Also here, the results are normalized with
respect to the response to a static load of equal magnitude, and the
results corresponding to the case of the elastic core are included. The
elastic and viscoelastic properties are the same as the ones used in the
previous case.

The results of the sandwich beam with elastic core show that the
time variation of the transverse deflection and transverse shear
stresses is controlled by the first mode of the structure but is also
influenced by higher vibration modes. Yet, the effect of the higher
modes of vibration is less pronounced in the deflection results com-
pared to the stress results. When a Kelvin–Voigt viscoelastic core
material is used, the high-frequency effects in the stresses response
are rapidly decayed (see Fig. 9b).

The results obtained using Maxwell’s model appear in Fig. 9c
(deflections) and Fig. 9d (interfacial shear). The comparison between
the two models in terms of deflections shows that, in both cases, the
vibratory response is effectively damped. However, with the Kelvin–
Voigt model (Fig. 9a), the beam oscillates around the zero line, and
with Maxwell’s model (Fig. 9c), the deflections decay toward a
residual value that is slightly higher than that (around 0.02). This
nonphysical residual displacement is attributed to a numerical arti-
fact associated with the higher frequency modes. These modes are
triggered by the impulse loading but are not effectively damped using

a Maxwell model with a single relaxation time. To examine this
effect, the behavior of the sandwich beam under a harmonic load that
is less involved with the higher frequency modes is studied in
Sec. V.B.3. Figure 9d also shows that, with Maxwell’s model, the
higher frequencies decay much slower and still affect the dynamic
response. These differences highlight the importance of the
characterization of the viscoelastic properties of the core and the
selection of the corresponding model.

3. Simply Supported (at the Lower Face Sheet) Beam: Response to

Harmonic Load

The dynamic response of the beam subjected to a harmonic load
(Fig. 5e) is investigated in Fig. 10. The frequency of the applied
harmonic load equals half the 34 first natural frequency of the beam
(34 Hz), and the load duration is 4 times the first vibration period
(Fig. 5e). The results are normalized with respect to the response to a
static load of equal magnitude.

The results obtained using the Kelvin–Voigt model (Figs. 10a and
10b) reveal that, once the load is released, the response in terms of
displacement and transverse shear stress is effectively damped by the
viscoelastic core toward zero. Similarly, as this loading history only
slightly triggers higher frequency modes, the response according to
Maxwell’s model (Figs. 10c and 10d) decays toward zero displace-
ment and stresses, with no artificial residual values. Thus, once the
higher frequency modes are not significantly triggered (opposed to
the impulse loading studied in Fig. 9) Maxwell’s model with single
relaxation time can better describe the behavior of the structure.

C. Cantilevered Sandwich Beam

The dynamic response of the cantilevered sandwich beam that was
theoretically and experimentally studied by Barbosa and Farage [40]
is studied here. The geometry, the mechanical properties, and the
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dynamic loads appear in Fig. 11. The boundary conditions at the
clamped edge include zero deflections and rotations of the face sheets
and zero transverse deflection through the height of the core. The
response of the beam to the impulse load (Fig. 11c) that was used and

reported in the experimental study [40] is examined. The hammer
excitation impact was not measured or reported in [40] and,
therefore, the magnitude of the load was evaluated by multiplying
the hammer’s mass (0.2 kg) by the peak measured acceleration
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(60 m=s2). The load duration was also approximated from the
experimental results as 10% of the vibration period of the structure.
Following [40], the magnitude of the overall loss factor for the visco-
elastic material obtained from the experimental data is �� 0:1434,
and the natural frequency of the sandwich beam is 5.05 Hz. Because
of the absence of more detailed data, it is assumed that the reported
loss factors applies to both transverse shear and transverse normal
response. Thus, the viscous coefficients according to the Kelvin–
Voigt model are taken as a�1 � a�1 � 0:0045 s, whereas those
according to Maxwell’s model were chosen to give an overall
damping ratio of the deflections similar to the one obtained by the
Kelvin–Voigt model. This equivalency yields b�1 � b�1 � 0:25 s. In
addition, due to the lack of data, it is also assumed that the elastic
moduli of the viscoelastic core, which appear in Fig. 11b, are
applicable for both the Kelvin–Voigt and the Maxwell model.
However, in a more accurate analysis, these parameters should be

given different values in the two models, as these parameters depend
differently upon the magnitude of the frequency. This aspect is not
considered here.

The time response of the peak deflection and peak interfacial
stresses obtained by the Kelvin–Voigt model and by Maxwell’s
model are described in Figs. 12 and 13, respectively. Figure 12 shows
that the dominant vibration frequency in terms of transverse deflec-
tion and interfacial stresses equals about 4.75 Hz. This value is in fair
agreement with the experimental result (5.05 Hz). Note that the
impulse load triggers highermodes of vibration but theKelvin–Voigt
viscoelastic core damps these effects and eliminates them after the
first cycle of vibration (Fig. 12).WithMaxwell’smodel (Fig. 13), the
decay of the higher modes is notably less significant and the higher
frequencies are prominent through the entire time domain. The
application of the fast Fourier transform to Maxwell’s model results
shows that the lower among the two dominant frequencies is about
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4.5Hz,which corresponds to thefirstmode offlexural vibration. This
value is in reasonable agreement with the experimental results. The
second frequency equals about 18.8 Hz and corresponds to the
second mode of flexural vibration. The different types of responses
outlined in Figs. 12 and 13 highlight the differences between the two
fundamental viscoelastic models and point in favor of using them as
building blocks for refined viscoelastic models.

The time variation of the transverse (vertical) acceleration of the
lower aluminum face sheet under the impulse load is studied in
Fig. 14. The response is compared with the experimental results of
Barbosa and Farage [40]. Figure 14a shows that the results of the
Kelvin–Voigt model are in fair agreement with the experimental
ones. The discrepancies at some points are due to the approximated
impulse model that was adopted for the theoretical computation, due
to the uncertainties with regard to the magnitude and duration of the
applied load, and due to the use of a single retardation time in the
viscoelastic Kelvin–Voigt model, which is not enough to represent a
real viscoelasticmaterial. On the other hand, excluding thefirst cycle,
the prediction of Maxwell’s model is far from the experimental
results (Fig. 14b). These differences highlight the role of the detailed
viscoelastic characteristics of the core and the selection of the
corresponding model.

Figure 15 shows the distribution of the transverse deflection, the
axial force in the lower face sheet, and the interfacial stresses at three
times, which correspond to the response at peak loading (t� 0:01 s),
at the adjacent peak after the load is released (t� 0:05 s), and at the
peak steady-state response (t� 0:27 s). For clarity, only the results
that were obtained by the Kelvin–Voigt model, which is in better
agreement with the experiments, are presented. Figure 15a shows
that the deformation pattern of the lower face sheet at t� 0:01 s is
similar to the classical second mode of flexural vibration of a can-
tilevered beam. On the other hand, as the load is released, the second
mode of vibration is damped, as shown by the response at t� 0:05 s.

After 0.27 s, the deformation pattern becomes similar to the first
mode of vibration and the second mode is completely damped (see
also Fig. 12).

Figures 15b–15d show the variation of the distribution of the
internal forces and stresses with time. Because of the nature of the
concentrated impulse loading, it is seen that, at t� 0:01 s, the load
induces concentrated forces and stresses (local response) at its close
vicinity (x� L=3). This localized response propagates through the
length of the beam and reaches an almost steady state at t� 0:05 s
where the entire structure is affected by the loading. Figure 15d
shows that localized transverse normal stresses develop in the core
near the location of the load at t� 0:01 s. At t� 0:05 s and 0.27 s,
these stress concentrations vanish, and the stresses at the free edge of
the beam (x� L) are amplified. These results demonstrate the
importance of the localized effects in the viscoelastic dynamic
response of the sandwich beam, and reveal the capabilities of the
proposed model.

VI. Conclusions

A theoretical model for the dynamic analysis of sandwich beams
with soft viscoelastic cores has been developed. Along with the
viscoelastic characteristics, the formulation has taken into account
the shear deformability and the transverse (through the height)
compressibility of the core under the framework of a high-order
theory. The local effects (stress concentrations) and interfacial
stresses that characterize sandwich structures, their variation in time,
and the transient damped response of the viscoelastic sandwich beam
have also been considered.

The formulation has introduced the viscoelastic characteristics of
the core through the basic Kelvin–Voigt and Maxwell models with a
single retardation/relaxation time. The governing equations of the
two structural models and the corresponding numerical tools for the
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solution in the time domain have been derived. These two models
have provided the basic tools for the analysis of soft core sandwich
beams with different types of viscoelastic cores as well as the
theoretical and mathematical basis for the construction of more
complex and more refined viscoelastic models. This has been
demonstrated through an analytical formulation of a generalized
Maxwell model and a standard linear solid viscoelastic model.

The numerical results have examined the response of sandwich
beams with different types of viscoelastic cores and have been
compared with experimental results available in the literature. The
numerical study has quantified the damping characteristics intro-
duced due to the viscoelastic core and its impact on the global and
localized response of the beam. It has also revealed the different
physical aspects described by the Kelvin–Voigt and Maxwell
models, highlighted their characteristics, and opened the way for
their potential augmentation to more advanced viscoelastic theories,
including ones with multiple retardation/relaxation times. Although
the proposed model is applicable for restricted frequency range, as
the frequency and temperature dependence of the material constants
have not been considered, the paper reveals and highlights some
aspects of the dynamic behavior ofmodern sandwich beamswith soft
viscoelastic cores, and provides a basic theoretical modeling
approach for more refined theoretical models to be developed.
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